In this work, we propose the N = 2 and N = 4 supersymmetric extensions of the Lorentz-breaking Abelian Chern-Simons term. We formulate the question of the Lorentz violation in 6 and 10 dimensions to obtain the bosonic sectors of N = 2− and N = 4− supersymmetries, respectively. From this, we carry out an analysis in N = 1 − D = 4 superspace and, in terms of N = 1− superfields, we are able to write down the N = 2 and N = 4 supersymmetric extensions of the Lorentz-violating action term.
Introduction
The formulation of physical models for the fundamental interactions in the framework of quantum field theories for point-like objects is based on a number of principles, among which Lorentz covariance and invariance under suitable gauge symmetries. However, mechanisms for the breakdown of these symmetries have been proposed and discussed in view of a number of phenomenological and experimental evidences [1, 2, 3, 4, 5] . Astrophysical observations indicate that Lorentz symmetry may be slightly violated in order to account for anisotropies. Then, one may consider a gauge theory where Lorentz symmetry breaking may be realized by means of a term in the action. A Chern-Simons-type term may be considered that exhibits a constant background four-vector which maintains the gauge invariance but breaks down the Lorentz space-time symmetry [1] .
In the context of supersymmetry (SUSY), the issue of Lorentz violation has been considered in the literature in different formulations: in ref. [6] , supersymmetry is presented by introducing a suitable modification in its algebra; in ref. [7, 8] , one achieves the N = 1−SUSY version of the Chern-Simons term by means of the conventional superspace-superfield formalism; in ref. [9] , the authors adopt the idea of Lorentz breaking operators. More particularly, considering the importance of extended supersymmetries in connection with gauge theories, we propose in this work an N = 2 and an N = 4 extended supersymmetric generalization of the Lorentz-breaking Chern-Simons term in a 4-dimensional Minkowski background. We start off with the Chern-Simons term in (1 + 5) and (1 + 9) space-time dimensions and adopt a particular dimensional reduction method, see [10] , to obtain the bosonic sector in D = (1 + 3) of the N = 2 and N = 4 supersymmetric models, respectively. This is possible because in N = 1, D = 6-and N = 1, D = 10-supersymmetries, the bosonic sector has the same number of degrees of freedom as the bosonic sector of an N = 2, D = 4 and N = 4, D = 4, respectively [11] . Once the bosonic sectors are identified, we adopt an N = 1, D = 4-superfield formulation to write down the gauge potential and the Lorentz-violating background supermultiplets to finally set up their coupling in terms of N = 2 and N = 4 actions realized in N = 1-superspace. The result is projected out in component fields and we end up with the complete actions that realize the extended supersymmetric version of the Abelian Chern-Simons Lorentz-violating term.
N = 2-Lorentz-violating term
The N = 2 supersymmetric generalization of the Abelian Chern-Simons Lorentz breaking term can be built up using superfield formalism in an N = 1 superspace background, having coordinates (x µ , θ a ,θȧ) [10] . Using the fact that the bosonic sector for N = 2 in D = 6 and make the dimensional reduction for D = 4. The D = 4 Chern-Simons term proposed originally by [1] is
We propose for D = 6 the Chern-Simons term in the form
2) whereμ = µ, 4, 5. The gauge field has 6 components, then we redefine it as Aμ ≡ (A µ ; ϕ 1 ; ϕ 2 ). The background tensor Tλρσ has 20 components, but we can redefine it as Tλρσ ≡ (R ρσ ; S ρσ ; ∂ µ v; ∂ µ u). The fields R ρσ and S ρσ has 6 components each one, and the other 8 components are redefined as 2 vectors that we write as a gradient of the scalars fields v and u. Then, the number of components is reduced to 14. The dimensional reduction is done considering that there are not dependence of the fields in the x 4 , x 5 coordinates. It is clear that εμνκλρσAμAκ∂νTλρσ = 0, so we obtain, integrating by parts, the reduced Lagrangian as follows:
In order to make the supersymmetrization of the Lagrangian (2.3) using the superspace formalism, we have to define some complex fields that can be found in superfields. We define these bosonic fields as
Notice that we have introduced the new real scalar fields t and w that are bosonic fields that do not appear in the bosonic Lagrangian (2.3). These fields will be necessary in the supersymmetric version to maintain the same number of degree of freedom between bosonic and fermionic sector due the scalar superfields are defined with complex scalar fields. Each tensor field, R µν and S µν , appears as the real part of the complex tensor field whose imaginary parts are given in terms of their dual fields, as we see in (2.4) and can be found in [14] . The vector superfield V that accommodates A µ in the WZ-gauge is written as:
which fulfills the reality constraint, V = V † . The scalar superfield that accommodates ϕ and ϕ * is written as 6) and this complex conjugateΦ. These superfields obey the chiral condition:DΦ = DΦ = 0. The scalar superfields that accommodate s, r and r and their respective complex conjugate fields are: 8) and their complex conjugate superfieldsS andR which satisfy the chiral condition: DS = DS =DR = DR = 0. The spinor superfields that contain R µν , S µν and their corresponding dual fields are written as
and their complex conjugate superfieldsΣ andΩ that are also chiral:D˙bΣ a = D bΣȧ = D˙bΩ a = D bΩȧ = 0. We can notice that we have to introduce two extra background complex scalar fields, ρ and φ, to match the bosonic and fermionic degrees of freedom. Now, we are interested in building up the supersymmetric action. For that, we take into consideration the canonical (mass) dimensions of the superfields; based on these dimensionalities, and by analyzing the bosonic Lagrangian (2.3), we propose the following supersymmetric action, S br :
We therefore observe that the action (2.11) is manifestly invariant under N = 1-supersymmetry. The component-field content of the N = 2-supersymmetry is accommodated in the N = 1-superfields). Indeed, the action (2.11) displays a larger supersymmetry, N = 2, realized in terms of an N = 1 -superspace formulation.
This Lagrangian in its component-field version reads as below:
(2.12)
We point out the pieces corresponding to the bosonic action (2.3) in the complete component-field action above:
We can notice that this Lagrangian describes the bosonic sector (2.3) and its superpartners. We find here the N = 1 supersymmetrization of the Chern-Simons term presented in [7] , where the first term is the same as proposed by [1] , considering the constant vector as the gradient of a scalar. Since the gradient vector is a constant, we have that s = α + β µ x µ . We see in the Lagrangian the presence of the bosonic real scalar fields, t = s + s * and u = r + r * , and the complex scalar fields, ρ and φ, that do not appear in the bosonic Lagrangian (2.3). These scalar fields appear in the supersymmetric generalization in order to keep the bosonic and fermionic degrees of freedom in equal number. We point out that the bosonic fields D, D * , f, f * , h, h * , g and g * play all the role of auxiliary fields. The bosonic fields s, s * , R µν , S µν , ρ, ρ * , φ, φ * , r, r * and the fermionic fields ξ,ξ, τ,τ , F,F , χ,χ, G,Ḡ, ζ,ζ work as background fields also responsible for the breaking the Lorentz invariance.
N = 4-Lorentz-violating term
In a very close analogy to the procedure adopted in the previous section, we succeed in writing down the N = 4 model by means of a reduction from 10 to 4 dimensions. We propose for D = 10 the Chern-Simons term in the form
The background tensor Tλρσ has 120 components, and we can redefine it as 4, 5, 6, 7, 8, 9 is the space-time index and I, J = 1, 2, 3, 4, 5, 6 is an internal index. We consider that there is no dependence of the fields on the x 4 , x 5 , x 6 , x 7 , x 8 , x 9 coordinates. Then, we have 6 anti-symmetric tensor fields R I ρσ with 6 components each one and 15 vectors written as gradients of 15 scalars represented by the anti-symmetric index I, J. Therefore, the number of independent components is reduced to 52.
Next, we need to redefine the gauge field as Aμ ≡ (A µ ; ϕ I , I = 1, 2, 3, 4, 5, 6) where ϕ I is real scalar fields. Observing that εμνκλρσδτβγAμAκ∂νTλρσδτβγ = 0, we obtain, integrating by parts, the Lagrangian as follows:
This is the bosonic sector of the action term to be supersymmetrized. In this way, is necessary to define new fields to be partners inside the superfields. They are similar to the procedure of the previous section, but now there are internal index. In terms of superfields, we have two sectors:
and, in components these two sectors encompass the fields cast below: Based on dimensional analysis arguments for the bosonic sector, as it has been done for the N = 2 case, and noticing that some superfields now have internal symmetry index, we propose the following N = 4 supersymmetric action:
We can observe that the action (3.3) is invariant under N = 1-supersymmetry and there is a larger symmetry, the N = 4-supersymmetry as well.
This N = 4 Lagrangian in its component-field version reads as follows: −the extended supersymmetric version in terms of simple N = 1 superspace to supersymmetrize the Chern-Simons like term, as proposed by Jackiw, written in terms of a constant background vector here parametrized as the gradient of the scalar function α + β µ x µ , where α and β µ are constants. Another interesting point we should consider is the possibility, once we have now the full set of SUSY partners of the Lorentz-breaking vector, to express the central charges of the extended models whenever topologically non-trivial configurations are taken into account. This would allow us to impose bounds on the central charges in terms of the phenomenological constraints already imposed on the vector responsible for the Lorentz covariance breakdown.
